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Abstract 
The sensors have been applied in many different environments to detect the fire or other things. An optimal placement of sensors is 
needed to guarantee full coverage and to reduce the financial cost. In this paper, a target region with square boundary is studied to find a 
suitable placement scheme. The length of the square boundary is growing from zero to infinite, while the sensors’ sensing radius is fixed. 
Different schemes are discussed to fit the varying target region. The layout of the sensors is substituted by the placement of the sensing 
circle’s inscribed polygons, which are regular triangles, squares and regular hexagons. The minimum number of sensors that each scheme 
needs is calculated. Through the comparison and analysis, 16 cases are summarized. Each case is given an optimal placement scheme and 
the minimum number of sensors that should be distributed. 
© 2013 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Asia-Oceania Association for Fire Science 
and Technology. 
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1. Introduction 
Sensors have been applied in many environments, such as the forest fire detection [1] and the indoor monitoring [2]. An 
optimal placement of sensors can improve the detection system’s efficiency, and reduce the cost. In the practical work, it is 
always expected to use minimum number of sensors to sufficiently protect a target area. 
The placement problem is also called the coverage problem, which includes 1-coverage (full coverage) and k-coverage 
[3]. The prefix k (or 1) represents the coverage degree of the sensor network. 1-coverage network means that every point in 
the target area is covered by at least one sensor, while k-coverage network means the points are covered by at least k sensors. 
K-coverage network focuses on improving the fault-tolerant capability of the detection system, which is always used in 
systems with special requirements, such as the intrusion detection system [3]. In both coverage networks, the polygon model 
is always adopted to place the sensors [4-8]. The target region is divided into many polygons with the same size, and the 
locations of the sensors are decided by the layout of the polygons. For example, in 1-coverage network, the sensors are 
normally located in the center of the polygons [5-6], while the sensors are put on the vertexes of the polygons in k-coverage 
network [5, 7]. The polygons are regular triangles, squares or regular hexagons, as only those polygons can be put on a same 
point without overlap [5]. In Biagioni and Sasaki’s work [8], the number of polygons, the length of polygon boundary and 
the area of target region were studied to give an approximate algebraic relation among them. However, the polygons were 
supposed to be complete in the target region, which may not be true in the practical work. 
In the 1-coverage research works, the sensing region of a sensor is supposed to be a circle whose center is on the sensor’s 
location [5, 6], and the polygon is the inscribed polygon of the sensor’s sensing circle. The number of sensors which is 
needed to fully cover the target region is equal to the number of polygons. Yuan et al. [5] proved that when the polygons 
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were regular hexagons, the overlapping area of the sensing circles was minimal, so the hexagon model was the best layout 
scheme. Zhang et al. [6] proposed a similar conclusion that minimizing the overlap of the sensing circles was equivalent to 
minimizing the number of sensors when all the sensors’ sensing circles were identical. This conclusion will be true when the 
target area is much larger than the sensing range, or the target edge is ignored. Otherwise, the result may be different and the 
number of sensors in the hexagon model will be bigger than others.  
In this paper, the optimal placement schemes for 1-coverage network will be studied. The target region is supposed to be 
square, which is also adopted by other researchers [6-8]. The length of the square boundary varies from zero to infinite, and 
the edge effect will be considered. A clear relationship between the minimum number of sensors and the target square 
boundary length will be given.  
2. Placement scheme for varying boundary length 
Some basic assumptions are listed below to develop our work, some of which have also been adopted by other 
researchers [3-8]. 
1. The sensing regions of all sensors are circles with a same radius r, and the sensor locates in the center of the sensing 
circle. 
2. The target region is a square area with a boundary length of L0. 
3. The sensors are small enough so that they can be put on the edge of the target region.  
The follow discussion is based on the relative scale of L and r. The value of r is fixed, while L is varying. An optimal 
scheme is suitable for a scope of L. 
2.1. L  r/21/2 
In this case, the length of the diagonal line of the target square is less than r. The square in Fig. 1 is the target region, and 
the circle with dashed line shows the relative size between the target region and the sensing circle. The maximum distance 
between two points in a square range is equal to the length of the diagonal line. Now the diagonal line is less than (or equal 
to) r. If the sensor is in the square region, the distance between any point in the square and the sensor does not surpass r. All 
points in the square region are in the sensing region of the sensor. Thus, the sensor can be installed anywhere in the target 
region. However, based on the principle of the coverage uniformity, the sensor should locate in the center of the square.  
                                                    
Fig. 1. Schematic for the case of L r/21/2.                                                                        Fig. 2. Schematic for the case of r/21/2<L 21/2r. 
2.2. r/21/2 < L  21/2r 
The target region is still smaller than the inscribed square of the sensing circle in this case. Thus, one sensor is enough to 
cover the whole region. And if the four vertexes are all in the sensing circle at the same time, the whole region will be 
covered. As the largest distance away from the sensor’s location must be the distance between the vertex and the sensor. In 
order to find the region that the sensor can be placed, four circles whose centers are on the vertexes are drawn in Fig. 2, and 
the circles’ radius is equal to r. The four circles intersect to form an area (the solid region). If the sensor is in the intersecting 
region, the distance between each vertex and the sensor is less than r, and the whole square will be covered.  
2.3. 21/2r < L  4rsin(arctan(1/2)) 
In this case, the target region is bigger than the inscribed square of the sensing circle. Thus, at least two sensors are 
needed to cover the whole region. Before finding the optimal placement scheme for this case, theorem 1 is proofed first. 
901 Sen Li et al. /  Procedia Engineering  62 ( 2013 )  899 – 906 
Theorem 1: If the length of the square boundary is bigger than 21/2r, one sensor cannot cover three vertexes of the square 
at the same time. 
PROOF: Any group of three vertexes must include two vertexes of the diagonal line. However, if the square boundary is 
bigger than 21/2r, the length of the diagonal line will surpass 2r. Thus, the two vertexes of the diagonal line can’t be covered 
by one sensor.  
According to Theorem 1, the case that three vertexes are covered by one sensor is discarded. Then, the case of one senor 
covering two adjacent vertexes at the same time is discussed, e.g. two vertexes of each vertical boundary (the circles with 
solid line mean the sensing circles), as shown in Fig. 3. Thus, two sensors will be enough to cover the whole region. In order 
to ensure full coverage, the sensing circles must intersect with each other, and the intersecting points must be outside the 
square (or on the square boundary). An auxiliary line is drawn to divide the square into two same rectangles. If each 
rectangle is covered, the target square will be full covered. Then, the problem becomes how to cover the rectangle. The 
method in section 2.2 is used to find the sensor placement region. The region is the two solid areas in the horizontal 
direction in Fig. 3. One sensor in each region covers one rectangle.  
When the adjacent vertexes on the horizontal boundary are covered by one sensor, the sensor placement region is the 
solid region in the vertical direction. The upper limit of this case is when the rectangles are the inscribed polygons of the 
sensing circle. And the relationship between L and r is L=4rsin(arctan(1/2)) 1.788r. 
                                      
Fig. 3. Schematic for the case of 21/2r < L  4rsin(arctan(1/2)).                             Fig. 4. Schematic for the case of 4rsin(arctan(1/2)) < L  6rsin(arctan(1/3)). 
2.4. 4rsin(arctan(1/2)) < L  6rsin(arctan(1/3)) 
When L > 4rsin(arctan(1/2)), the target square is divided into three equal rectangles in the horizontal direction. The 
method in section 2.2 is also adopted, and the sensor placement regions are the three solid regions in Fig. 4. The sensor 
placement region also can be found when the case that the target square is divided in the vertical direction. The upper limit 
can be calculated as L = 6rsin(arctan(1/3))  1.897r. 
2.5. 6rsin(arctan(1/3)) < L  2×21/2r 
There are three methods to quarter the target square, as shown in Fig. 5. In both methods of (a) and (b), one sensor should 
cover a side whose length is larger than 6rsin(arctan(1/3)). While in (c), one sensor only needs to cover a square whose side 
is half of (a) or (b). If the side length of a polygon that to be covered is larger, the sensor placement region will be smaller. 
Thus, the method (c) is the best scheme in this case. The upper limit of (c) is L = 2 × 21/2r, when each little square is the 
inscribed square of the sensing circle.  
(a)                 (b)                (c)  
Fig. 5. Three methods to quarter the square. 
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2.6. L > 2 × 21/2r 
While the target square is growing much larger than the sensing circle, the models of Yuan et al. [5] are used to find the 
optimal placement scheme. The layout of sensors is substituted by the placement of the inscribed polygons of the sensor 
circles, which are regular triangles, squares and regular hexagons. The sensors locate on the center of the polygons, and the 
number of the sensors is equal to the number of the polygons. 
The layouts of the three inscribed polygons are shown in Fig. 6. When the location of a polygon is fixed, other polygons 
will be placed depending on the first polygon. In order to compare the three placement schemes, the relationship between 
the number of polygons to cover the target square and the square boundary length should be calculated. And some criterions 
need to be complied with: 
(1) The polygon that locates at the upper left corner is fixed (the first polygon), as shown in Fig. 6. Then, the locations of 
other polygons will be determined. The location of the first polygon can be changed in the practical work, as the polygons 
near the edge of the square may not be complete in the square. A small moving of the polygons will not change the number 
of the polygons. 
(2) No matter how small the blank area is (the area not filled with a complete polygon), a polygon (a sensor) is necessary 
to cover it. In this case, if the center of the inscribed polygon is in the square, the sensor will be located on the center of the 
polygon. Otherwise, the sensor will be located on the center of the blank area. In the cases of (a) and (b), some adjacent 
incomplete polygons can be covered by one sensor (the circles mean the sensing circles). The number of sensors can be 
reduced in some extent. However, this will induce the communication algorithm to be more difficult and the placement 
scheme more complex. Thus, each incomplete polygon is covered by one sensor, and the number of polygons number is the 
number of sensors. 
(a)       (b)       (c)  
Fig. 6. The polygon coverage for square region (a) regular triangle; (b) square; (c) regular hexagon. 
Now, the relationship between the number of polygons and the length of the target square boundary will be calculated: 
Regular triangle  
The length of the regular triangle’s side is 31/2r. The triangle in the upper left corner is fixed, and its center is on the left 
edge of the target square, r/2 away from the upper edge. Some auxiliary lines are drawn (dashed lines) to divide the 
triangles in the first row into rectangles, and the number of the triangles is equal to the number of the rectangles plus one. 
The distance between two adjacent auxiliary lines is called an interval which equals 31/2r/2. If the boundary length is bigger 
than an interval, another triangle is needed to be put. In the vertical direction, the interval is the height of the triangle that is 
3r/2.  
Supposing the triangles are still, the target square is growing along the diagonal line. When the bottom right vertex of the 
target square is in the right half plane of a downward triangle, the triangles in the last row are one less than the upper rows. 
Two cases are necessary to be discussed. One case is that if the vertex is in an odd-numbered row, the relative triangle in the 
first row of the downward triangle must be a downward triangle; the other case is that if the vertex is in an even-numbered 
row, the relative triangle in the first row of the downward triangle must be an upward triangle. Thus, the relationship 
between the number of triangles and the length of the square boundary can be calculated. 
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where nt is the number of the triangles,  is keeping the result rounded up, % is keeping the remainder. 
(a) Square 
The length of the inscribed square’s side is equal to 21/2r. The first square’s center is 21/2r/2 away from the target square’s 
left edge and 21/2r/2 away from the upper edge. The intervals in the horizontal and vertical direction are both the length of 
the inscribed square’s side. The number of the squares is 
                         
2
2sn L r= ,                                                                                 (2) 
where ns is the number of the squares. 
(b) Regular hexagon 
The length of the regular hexagon’s side is r. The center of the first hexagon is r/2 away from the target square’s left 
edge and 31/2r/2 away from the upper edge. Some auxiliary lines (dashed lines) are drawn to split the hexagons in the 
horizontal direction, and the distance between two adjacent auxiliary lines is 3r/2. Thus, the number of hexagons in each 
row is 
                       ( ) ( )3 2 1N L r r= − + ,                                                                               (3) 
where N is the number of hexagons in each row. 
In the vertical direction, the layout of hexagons in each odd-numbered column is the same, so is in the even-numbered 
column. However, if the below boundary of the target square surpasses the center of the last hexagon in the odd-numbered 
column, the number of hexagons in the even-numbered column is one bigger than the number of hexagons in the odd-
numbered column. Thus, the number of hexagons in the vertical direction is 
          Odd-numbered columns:     3OM L r=  ,                                                                  (4) 
  Even-numbered columns:     
3 ,         % 3 3 2
3 1,     
L r L r r
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≤
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+
                                                    (5) 
where MO is the number of hexagons in each odd-numbered column and Me is the number of hexagons in each even-
numbered column. 
Combine Eq. (3), Eq. (4) and Eq. (5), the relationship between the number of hexagons nh and the length of the target 
square boundary L is obtained. 
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where is keeping the result rounded down. 
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3. Results and discussion 
The best scheme is to use the minimum number of polygons to full cover the same target square. The number of 
polygons in each scheme has been calculated in section 2, and the sequence of the schemes will be carried out in this section. 
The three inscribed polygon models are sequenced first, and the limit of L > 2 × 21/2r in section 2.6 will be discarded as 
they also can be adopted when L  2 × 21/2r. The functions of the number of polygons with the square boundary length in 
the regular triangle, square and regular hexagon models are step functions. It is difficult to compare them directly. Thus, the 
property of round up and round down function is used. 
                             
1
1
x x x
x x x
≤ < +
− < ≤
                                                                                       (7) 
where x is any real number.  
According to Eq. (7), the upper or lower limit of the number of triangles, squares and hexagons can be calculated as in 
Eq. (8). 
    
( ) ( )
( ) ( )( )
( ) ( )( ) ( ) ( )( )
2 2
2 2
4 3 3 2 3 1
2 2 1
3 1 2 3 2 ,
3 1 3 2 3 2 3 1
t
s
h
h
L r L r n
L r n L r
n L r L r r or
n L r L r r L r L r r
+ − ≤
≤ < +
< + × − +
< + × − + + + × − +
                                                          (8) 
Then, two non-equalities in Eq. (9) are constructed to sequence the three models. 
(min) (max)
(min) (max)
t s
s h
n n
n n
>
>
                                                                                         (9) 
The result of Eq. (9) shows that nt must be bigger than ns when L > 4.44r, and ns must be bigger than nh when L > 21.60r. 
It means that when L > 21.60r, the hexagon model is the best choice. When L  21.60r, the length of the target square 
boundary L is set to some exact values, and the number of polygons is calculated according to Eq. (1), Eq. (2) and Eq. (6), 
as shown in Fig. 7. The value of L starts from zero, and the interval of the adjacent values is 0.001r. Supposing the radius of 
the sensing circle is 10m, the resolution will reach 0.01m. This can meet the accuracy of the engineering and the calculation. 
An accurate conclusion can be obtained from Fig. 7 that when L  7.072r, the number of polygons in the hexagon model is 
smaller than the other two models, and the hexagon model is the best scheme. 
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Fig. 7. The number of polygons when L < 21.60r. 
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When L < 7.072r, the curves of the three models intersect with each other. A magnified graph to reveal the case of L < 
7.072r is drawn in Fig. 8. The region is cut into 16 segments. In each segment, a different optimal placement scheme is 
obtained. A detailed explanation is summarized in Table 1.   
0 2 4 6 8
0
20
40
60
80
1615141312111098
765432
 Triangle
 Square
 Hexagon
th
e 
nu
m
be
r o
f p
ol
yg
on
s 
L (r)
1
 
Fig. 8.  The number of polygons when L < 7.072r. 
Table 1. The optimal placement scheme and the minimum number of polygons in different sections 
 Section (L/r) Optimal placement scheme Number of polygons 
1 0~0.549 Triangle, Square or Hexagon 1 
2 0.550~0.999 Square or Hexagon 1 
3 1.000~1.414 Square 1 
4 1.415~1.500 Triangle or Square 3 
5 1.501~1.732 Hexagon 3 
6 1.733~2.500 Square or Hexagon 4 
7 2.501~2.828 Square 4 
8 2.829~3.464 Hexagon 7 
9 3.465~4.000 Square or Hexagon 9 
10 4.001~4.242 Square 9 
11 4.243~5.196 Hexagon 12 or 14 
12 5.197~5.499 Square or Hexagon 16 
13 5.500~5.656 Square 16 
14 5.657~6.928 Hexagon 20 or 22 
15 6.929~6.999 Square or Hexagon 25 
16 7.000~7.071 Square 25 
17 7.072~ Hexagon nh 
 
The number of polygons in Table 1 is equal to the number of sensors that should be distributed to full cover the target 
region. Integrating section 2.1-2.6, the optimal placement schemes are summarized in Table 2. Sections 1 to 6 in Table 1 are 
substituted by sections 1 to 5 in Table 2, as the schemes in Table 2 are more applicable. The sensors placement region is 
easier to find and the scope of the application is wider. Table 2 also proves that the conclusion of [4, 5] that the hexagon 
model is the best placement scheme is wrong in some cases. In these cases, other scheme’s performance is better than the 
hexagon model.  
In the practical work, when the relationship between the target square length and the radius of the sensing circle is 
confirmed, the optimal placement scheme can be found in Table 2, along with the minimum number of sensors. 
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Table 2. The optimal placement scheme and the minimum number of sensors in different sections 
 Section (L/r) Optimal placement scheme Number of sensors 
1 0~0.707 Fig .1 1 
2 0.708~1.414 Fig. 2 1 
3 1.415~1.788 Fig. 3 2 
4 1.789~1.897 Fig. 4 3 
5 1.898~2.500 Square or Hexagon 4 
6 2.501~2.828 Square 4 
7 2.829~3.464 Hexagon 7 
8 3.465~4.000 Square or Hexagon 9 
9 4.001~4.242 Square 9 
10 4.243~5.196 Hexagon 12 or 14 
11 5.197~5.499 Square or Hexagon 16 
12 5.500~5.656 Square 16 
13 5.657~6.928 Hexagon 20 or 22 
14 6.929~6.999 Square or Hexagon 25 
15 7.000~7.071 Square 25 
16 7.072~ Hexagon nh 
4. Conclusions 
An optimal placement of the sensors can reduce the financial cost while keeping full coverage. A square target region has 
been studied, while the length of the square boundary is varying and the edge effect is considered. Some placement models 
are compared with each other to find an optimal placement scheme. The number of regular triangles, squares and regular 
hexagons to full cover the target square is calculated. 16 sections are obtained according to the relationship between the 
length of the target square boundary L and the radius of the sensing circle r. The optimal placement schemes are given in 
each section, and the minimum number of sensors. From the discussion, it is found that only when L  7.072r, the hexagon 
model will be the best placement scheme absolutely, which the limit condition is neglected by other researchers. The layout 
of polygons also can be used in k-coverage network, while the relationship between the number of polygons and the number 
of sensors may be altered. 
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